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A pair of simple, efficient, and robust algorithms for generating random velocities
sampled from the Chapman–Enskog distribution is presented. °c 1998 Academic Press

Particle simulations of a gas require initializing the velocities of molecules. At thermodynamic equilibrium, the velocity distribution for a dilute gas at temperature T is the
Maxwell–Boltzmann distribution,
f 0 (C) =

1
π 3/2

exp(−C 2 ),

(1)

where C = C/(2kT /m)1/2 is the normalized thermal velocity and m is the particles’ mass.
Away from equilibrium the Chapman–Enskog perturbation expansion of the Boltzmann
equation gives, to first order in Sonine polynomial expansion, the distribution [1]
f (C) = f 0 (C)0(C),

(2)

where
¡2

0(C) = 1 + (qx Cx + q y C y + qz Cz )
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are the dimensionless heat flux and stress tensor. The viscosity and thermal conductivity
are µ and κ, respectively; P is the pressure and vk is the fluid velocity. The mean and
second moment of the Chapman–Enskog distribution are C i = 0 and C 2 = 32 . The kinetic
theory expressions for the stress tensor and the heat flux are τi, j = 23 C 2 δi, j − 2Ci C j and
qi = 2Ci C 2 . The Maxwell–Boltzmann distribution suffices in equilibrium situations, but for
nonequilibrium flows, for example, when the particle simulation is coupled to a Navier–
Stokes finite difference solver, the Chapman–Enskog distribution must be used [2, 3].
The first method for sampling from f (C) uses the acceptance–rejection technique [4].
This requires defining an envelope function g(C) such that g(C) ≥ f (C) for all C. The
efficiency of acceptance–rejection (ratio of acceptances to total tries) is 1/A, where
Z
A ≡ g(C) dC.
(6)
The first step is to select a random point from the region beneath g(C) (i.e., the region
whose area is given by (6)). All points in this region must be equally likely to be chosen. A
simple way to select this point is to use g(C) = A f 0 (C), where f 0 is the Maxwell–Boltzmann
distribution (1). A velocity C try is drawn from f 0 (C) and the point inside the envelope is
taken as (C try , <g(C try )), where < is a uniform deviate in [0, 1). The value of C try is accepted
if this point lies beneath f (C); this acceptance criterion may be written as A< ≤ 0(C try ). If
this condition is not met, a new point is drawn and the procedure is repeated. The generator
is outlined in Table 1.
To guarantee that the envelope function is everywhere greater than the Chapman–Enskog
distribution requires that the constant A be selected such that A ≥ 0(C). In principle, this is
impossible because |0(C)| → ∞ as C → ∞. In practice, given τ and q, one can select an A
such that the envelope contains almost all of the Chapman–Enskog distribution beneath it.
For this purpose, a “breakdown” parameter, B ≡ max(|τi, j |, |qi |), is defined [5]. When this
parameter exceeds 0.1, the validity of the Chapman–Enskog distribution is suspect anyway,
since the perturbation from equilibrium is no longer small. For example, when qi = 0.1,
the temperature gradient is such that T varies by about 25% over a distance of only 10
mean-free paths.
An analysis of the function 0, which contains terms of the form Ci ( 25 C 2 − 1), 2Ci C j ,
and Ci2 − C 2j , shows that for about one in 106 draws of C try the magnitude of the first term

TABLE 1
Outline of the Acceptance–Rejection Random Velocity Generator
for the Chapman–Enskog Distribution
1. Given τi, j and qi , find B ≡ max(|τi, j |, |qi |).
2. Set amplitude parameter A = 1 + 30B.
3. Draw C try from Maxwell–Boltzmann distribution f 0 (C).
4. Accept C try if A< ≤ 0(C try ) where < is a uniform deviate in [0, 1); else go to step 3.
5. Generated particle velocity is c = (2kT /m)1/2 C try + v.
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will exceed 15; similarly for one in 106 draws one of the latter two terms will exceed 12.
However, the values of the separate terms are correlated thus, if one term is large, the other
terms, even taking into account the different signs, are more likely to contribute significantly
in making 0 large. For typical applications, setting A = 1 + 30B will result in 0 > A for
roughly one in 106 draws of C try . The efficiency of the routine (=1/A) is 25% when B = 0.1
and the efficiency approaches 100% near equilibrium. In the rare case when 0(C try ) > A,
the value of C try is simply accepted, causing a negligible error in the generated distribution.
The second method of generating velocities from the Chapman–Enskog distribution is
developed from the Metropolis Monte Carlo scheme of equilibrium statistical mechanics
[6]. The idea is to design a Markov chain with a transition probability between states,
P(C old → C new ), such that
f (C old )P(C old → C new ) = f (C new )P(C new → C old ).

(7)

A simple way to satisfy this condition is to take
½
P(C old → C new ) = f 0 (C new )

1
if 0(C new ) ≥ 0(C old ),
0(C new )/0(C old ) if 0(C new ) < 0(C old ).

(8)

with the probability that the system remains at C old fixed by the normalization of P. The
procedure for generating the set of values can be understood as a sequence of Monte Carlo
“moves.” Given an initial C old , a new velocity C new is drawn from the Maxwell–Boltzmann
distribution. The “move” to this new velocity is automatically accepted if the new value of
0 is greater than the old value; this is considered a “downhill move.” If 0(C new ) < 0(C old )
then the “uphill move” is accepted with probability 0(C new )/ 0(C old ); otherwise the move
is rejected and the value of C old is unchanged. The two conditions for accepting a move may
be combined by accepting a move if 0(C new ) ≥ <0(C old ). The algorithm for this generator
is outlined in Table 2.
As the number of attempted moves, N , becomes large, the distribution of C old approaches
f (C). In practice, only a small number of attempted moves is required to obtain the
Chapman–Enskog distribution to high accuracy when a(N ), the probability that the N th
attempted move is accepted, is close to one. Indeed, this probability is typically greater
than 0.9 when B ≤ 0 .1. The error in the generated distribution may be estimated from

TABLE 2
Outline of the Random Velocity Generator for the Chapman–Enskog
Distribution Based on the Metropolis Monte Carlo Method
1. Draw C old from Maxwell–Boltzmann distribution f 0 (C); select a new value if 0(C old ) < 0.
2. Draw a new velocity C new from Maxwell–Boltzmann distribution.
3. If 0(C new ) ≥ <0(C old ) then accept the “move” and set C old = C new ;
otherwise keep the current value of C old (< is a uniform deviate in [0,1)).
4. Repeat steps 2 and 3 until N = 1 + 30B attempted moves have been made
(counting both accepted and unaccepted moves); B ≡ max(|τi, j |, |qi |).
5. Generated particle velocity is c = (2kT /m)1/2 C old + v.
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1 ≡ |1 − a(N )/a(∞)|. Due to the Markov properties of the algorithm this difference goes
as e−α N so it decreases rapidly with N . However, the rate of convergence, α, depends on the
difference between f and f 0 , that is, on the breakdown parameter B. Taking the number of
attempted moves as N = 1 + 30B results in a fractional difference of 1 < 10−4 . The computation time for this generator is comparable to that of the acceptance–rejection method
for the above error criterion.
Because the Chapman–Enskog distribution comes from a perturbation expansion, the
probability distribution can become negative. For example, when B = 0.1, f (C try ) is negative about 0.05% of the time and this fraction rises to an alarming 4% for B = 0.4. In
the acceptance–rejection generator the value of C try is always rejected where the distribution is negative. Similarly, according to the rules of the Metropolis generator, a move
is automatically rejected if 0(C new ) < 0. The moments of the generated distribution are
slightly different from those of f (C) when the gradients are large but again the use of the
Chapman–Enskog distribution is questionable anyway under these circumstances.
The cumulative distribution functions for f (C) could, in fact, also be obtained analytically
in terms of error functions [3]. A random velocity generator may be constructed using the
inversion method [4]; however, the roots of three complicated functions must be found
numerically. The computation time is independent of the breakdown parameter, but for
B = 0.1 the inversion method is about nine times slower than the two generators presented
here. Another disadvantage of inversion is that it has difficulties where the distribution is
negative. In such cases, since the cumulative distribution is no longer monotonic, the rootfinding scheme may encounter difficulties; e.g., Newton’s method can diverge. On the other
hand, using the inversion method can be advantageous if all but the high speed tail of the
distribution will be discarded (e.g., high Mach number downwind boundary), since each
component of C is generated separately.
Finally, in some applications only particles moving in one direction need to be generated.
For example, particles created in a reservoir cell to the left of a boundary plane at x = 0 are
discarded if their x-component of velocity is negative. Taking the absolute value of the x
component of velocity after C has been generated is incorrect since the Chapman–Enskog
distribution is not symmetric. Instead, to correctly generate only those particles with a thermal velocity in the +x direction, after drawing C try in step 3 of the acceptance–rejection
method, take the absolute value of its x component of velocity. Similarly, in the Metropolis
generator, after drawing C old in step 1 or C new in step 2, take the absolute value of its x component of velocity. The fraction of particles moving in the +x direction is δ = 12 −qx /10π 1/2
so, if the reservoir cell would normally contain N particles, only δ N need to be generated.
ACKNOWLEDGMENTS
The authors thank F. Alexander and D. Hash for helpful discussions. Special thanks to D. Baganoff and C.
Duttweiler for giving us their programs on numerically inverting the Chapman–Enskog distribution. The work
was supported in part by National Science Foundation Contract 21-1507-7543 and Department of Energy Contract
W-7405-ENG-48.

REFERENCES
1. S. Chapman and T. G. Cowling, The Mathematical Theory of Non-Uniform Gases (Cambridge Univ. Press,
Cambridge, 1960). [W. G. Vincenti and C. H. Krueger Jr., Introduction to Physical Gas Dynamics (Wiley,
New York, 1965)]

70

GARCIA AND ALDER

2. D. B. Hash and H. A. Hassan, A hybrid DSMC/Navier–Stokes solver, AIAA Paper 95-0410, 1995.
3. S. Y. Chou and D. Baganoff, Kinetic flux–vector splitting for the Navier–Stokes equations, J. Comput. Phys.
130, 217 (1997).
4. L. Devroye, Non-Uniform Random Variate Generation (Springer-Verlag, New York, 1986). [A. L. Garcia,
Numerical Methods for Physics (Prentice–Hall, Englewood Cliffs, NJ, 1994)]
5. G. Bird, Breakdown of translational and rotational equilibrium in gaseous expansions, Am. Inst. Aero. Astro.
J. 8, 1998 (1970). [I. Boyd, G. Chen, and G. Candler, Predicting failure of the continuum fluid equations in
transitional hypersonic flows, Phys. Fluids 7, 210 (1995)]
6. N. Metropolis, A. W. Rosenbluth, M. N. Rosenbluth, A. H. Teller, and E. Teller, Equation of state calculations
by fast computing machines, J. Chem. Phys. 21, 1087 (1953). [M. P. Allen and D. J. Tildsley, Computer
Simulation of Liquids (Clarendon, Oxford, 1987)]

